Polyhedra

Y 8 children will have met tilingson heonehand ad lidson the other. Theidea of
this masterclassis to treat the former as aspecial case of the latter, nanely a
polyhedron with zero angle defect.

Onematerial is used throughout Polydron Frameworks, interlocking polygorel tiles.
In the workshop we make use only of theregular polygonsfrom this kit. The children
access these from the nearest par of sorters. There is onefor even-sided pdygonsand
onefor oddsided ones. Each takes the form of astack of cylinders of diminishing
radius Other materials are used for paticular demondrations

There is onelarge whiteboard (C), flanked by wo gnaller ores (L and R).
Theworkshop fdlsin two pats. In Part 1 we establish the terms, measures,
guantities and rules we need in Part 2. There thechildren, working in pairs, seek the
different exemplars dlowed by the rules and enter their contributionson achart.

The OHElerO work - Part 1(d) and Part 2(3) - is optond. In Part 1(d) we use EulerOs
formula to show why thetotal angle deficit for apolyhedronis 4/ , agood égebra
exercise for nior gudents.

Theimportant thing is that every formulamug beinganced.

Part1

a) Through asequence of demongdrationsand quetionswe distingush first conwvex
and non-conwex polygons then irregular and regular. We find the interior angle sum
in two different ways. (This work requires boad L.) Thuswe find theindividual
interior angles for the regular polygonsand make atable we can refer to in Part 2.
(Thistakes up boad R.)

b) We fit polygonsround avertex in aparticular sequence. We sum theinterior
angles. We define angle defect, measure it in slected cases, sudy its sgnificance,
and rdate the ange ddiicit a a paticular vertex to thetotal.

¢) We establish our nonendature for forms where every vertex is the same.

d) We gate EulerOsolyhedron formula and check afew cases againg it.

Part 2

1) The children are challenged to buld modds with identical vertices, to nane them
and enter thar codeona giant chart. (This takes up the whole of boad C.)

2) They check their model againg the angle defect rule: does it give the number of
vertices correctly? (They can use baard L for their calculations)



3) They check their model againg the Euler formula: does it give the nunber of
vertices correctly? (Agan, they can use boad L.)

Part 1

a)
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Work on boad L.
[figures A1, B1]:

Wha is the difference beween figures A and B?

Every diagoral of A liesinddethe figure.

A isconwex, B norrconvex.

(Moving b 3 dmensons exhibit a convex and norconvex polyhedron. Show tha
you @n dand the nonconvex polyhedronon the edgeof a table so that pat of it lies
beneath the table but you @nnotdo o with the convex example.)

Two ways to work outthe sum of dl theanglesindde apdygon (heinterior) anges:
First method [figures A2, B2].

Thenumber of corne's (vertices) and sdesisthesame. Cdl it n.

Sum of the angles in onetriangle? 180" .

How many triangles? n.

Tha total? 180n' .

But we mug subtract the sum of all the angles round our mna point, 360° .
Therefore the sum we want = 180n" — 360°.

Second nrethod [figures A3, B3]:
Notice that the interior angleis 180 less the exterior angle.

Arrangebean bagson thefloorto show A3. Invite avolunteer to begin & achosen
vertex, onearm extended donga sde towalk in tha direction, at each vertex
swinging round e tha thearm points aong the new sde

The child reumsto the starting pant. Ask the group:Wha angle has higher arm
turned through®(Answer: 360°.)

Out of interest, kick onebean bag inwards so that thefigureis nonconvex and repest
the experiment. Ask the group vha they notice. (At that vertex thearm swingsin the
opposte sense.)

To find thetota we want, wetake n lots of 180° and subtract the sum of dl the
exterior angles.
We now knowtha sumis 360°.

So thefind total is 180n" ! 360°, jus as before.

Can we make a polygon where al the sdes have the same length butnotall angles are
the same?



Demondrate with Briomec howyou @n changethe shgpe of ajointed regular
pentagon and gquae Bthough no an equilateral triangle (or indeed any other kind of
triangle: the triangleis arigid shagpe).

Can we make a polygon where dl theangles are the same bu notal sdes have the
same length?

v

Draw aregular pdygon. &t aruler parallel to oneedgeand, keeping it parallel to
itself, drag it across thefigure. Redraw the polygon. Rint out that the marked angles
have gayed the same butthree of the Sdes have changed their length: that in theline
of theruler has become longer; the two joined to it, shorter.

A convex polygon with dl sdes the same length and all angles the same is called
regular, (others, irregular).

Because the anges are all the same, we can find the sze of onejug by dviding our
total by n:
Theinterior ange of aregular n-gon

. 1 ’ °
= (1807 — 360) +n:( Son_ﬂj :(180_@) _

n n n
We recogrise the '360°" as the angle our vdunteer turned in thetrip round he

polygon. Turning the same amounteach time gives 360 , the exterior angle. And we
n

know we only have to subtract this from 18C° to find the interior angle. Later we
shdl need to knowthese for n = 3,4,5,6,8,10,12 so weQll make atable.

Display thefollowing on boad R:



interior angle

60

90

108

120°

mCDU'I-h(JO=

135

10| 144
12| 150

b)
Each par of children take 4 sjuaes.

Ask how many different corners (vertices) they can make. (Nonepossible with 2, ore
possible with 3, oneposible with 4.)
The difference between acorner with 3 and onewith 4?(4 jus make a flat surface.)

Can they continuethar condruction with cornea's of the same kind? (Yesin thefirst
case, to make afinite object, a three-dimensond shgpe with many faces, a
polyhedron; yes in the secondcase to make an infinite olject, atiling ortessellation.)

Each par of children nowtake 6 equilateral triangles.

Ask them to experiment as before.

Ask them to comment ontherdation béween howsharp the corner is and the angle
sum made by the pieces which meet there. (The bigger the sum, the less sharp the
corne; the limiting ase beng 360°, when thefiguredoesnOtlose up d all.)

Suggest the OsarpnessO maasure d , the angle defect, howmuch theangle sum falls
short of 360° .

Ask them nowto comment on the reation baween the nunmber of vertices a olid hes
and the ange defect at each. (The greater the number, the smaller the defect.)

Conplete this table on bard L for themodéds aready assembled:

angle ddfect, d | number of vertices, v | total angle defect, dv
90' 8 720°

180" 4 720

120° 6 720!
60 12 720

Point outthe following.



Our volunteer madea tour of apdygon. Each turn shemade, each exterior angle,
was an angle defect, the difference from astraight ange, 180' . Thetotal was 360°. In

three dimensons we make atour of apolyhedron and complete atotal of 720'.
In the section (d) we show where this number comes from.

¢)

Point outto the children that the modds theyOvenade so far have only used onekind
of regular polygonand tha these are called regular or Platonic solids

Now each par take 8 equilateral triangles and 6 gjuares.
Ask them to make onesolid, keepingtherule tha every vertex should bethe same.
Theresult is asemi-regular or Archimedean solid.

If the vertices are dl the same, we can nane the figurein a ample way: make atour
of avertex (anticlockwise by convention)and write down n for each polygon we

meet. Thuswe codethe cube 4.4.4 or 4°; thesquaetiling 4.4.4.4 on* .
Ask the children howthey would code what theyOe just made. (3.4.3.4.)

Can they predict how many veticesit has by usng wha theyOvdound o about

Oagle defectO7 720
360 —(90 + 60+ 90 + 60)

=12.) They can then confirm by couning.

d)
Euler provides yet another way to check.

Present the Euler formulav+ f = e+ 2.

To ob&in v we therefore only need to know f and e. f iseasier to countthan e.
But e isrdlated to f in thefollowing way. If there are p faceswith | sides, g with
m, and so on, & we have to do stotal the produds. pl+ gm +... and, b&ause two

faces share an edge halvetheresult: e:m.

Now f=p+qg+....

Soweha/ev=e+2—f:pl++m+"'+2—(p+q+...),
_pU=2)+qm=2)+..+4

i.e v

2

We can us this formulato show why thetotal angle defect for apdyhedron s 720
(4rm).




From section (a) we knowtha the interior angle sum of an n-gon s 180:' — 360; ,
i.e (n—2)7r.

So thetotal, S, of dl theinterior ange sums for the polyhedronis
[p(I-2)+a(m-2)+...]7.

We now combine our 'v' and 'S' formulas:

2nv=[p(1-2)+q(m-2)+..+4]xr =S+4r.

So S=2n(v-2).

Thetotal ange deficit, D, isthesum of the '2z' sfor dl v verticesless S,

i.e D=2nv-S=2nv-2r(v-2)=4r.



Part 2
Now the children are free to explorethe possibilities for themselves.

They enter their models on tis chart (boad C). They should use the nunbers down
the sde for the smallest polygon,the nunbers dong thetop for the next smallest. In
anticipaion of he number of forms to be recorded, the boxes are szed vertically in
inverse orde of polygon sze. (The boxes b ow those marked with a horizontal line
will notbeneeded bu there is no ned to show this.) Provide pensin blue (say) for
polyhedra red (say) for tilings Thechildren will produ@ forms where nat dl the
vertices areidentical. In thoe cases, point out that the result can be seen as a hybnd
of two gandad forms. Thechildren can distinguish these with a comma.

n 3 4 5 6 8 10 12

3

10

12




The modds themselves conditute an exhibition. Each shapeis available in 4 colours
but encourage the children to colour-code the faces; otherwise the sructure will be
obscured.

Paul Stephenson, 20.9.09



