Heuristics
applied in
The Magic Mathworks Travelling Circus
INTRODUCTION
The Magic Mathworks Travelling Circus is a touring maths lab. These notes comprise a
check-list for teachers who have visited the Circus and are interested in helping their
students develop the ways of thinking a maths lab encourages.
The booklet is in two parts. Part A lists twenty-some stations. For each, the relevant

heuristic methods are listed. Part B lists the methods themselves, taking as examples
the stations keyed from Part A.
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A. STATIONS

1.4 The Seesaw

‘A’ puts hangers on a chosen peg. ‘B’ must choose a different peg and the
correct number of hangers in order to balance the beam.
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2.6 Perspective Drawing

A geometrical figure F is laid on the table and traced on the screen S
from viewpoint V.
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3.9.2 Motorway Networks @

A motorway network is to connect (e.g.) 3 cities shown by dots on a board. The
experimenters draw what they consider to be the network of smallest total length.
2 perspex plates joined by pins in the corresponding positions are dipped in
soap solution and withdrawn to reveal the true configuration.

4.2 Penrose Rhombuses =

The rhombuses required for an aperiodic tiling have angles of 360 and 720. As
an exercise preliminary to making such a tiling, the students find how many
vertex types are possible with the unmarked rhombuses.
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4.5 14 People in a Lift

A rectangle is of such dimensions that it will just accommodate 14 disks without
overlap. The experimenter must find the packing necessary.

O
(@]
0]
(o) (@)
o (o]




5.1.1

Tangram Polygons B

Outlines of a selection of convex polygons are offered. These must be filled
with those constituting the standard 7-piece tangram.

5.1.2 The Riddle of the Sphinx @

5.2.1

6.2

6.5.1

The ‘Sphinx’ is a hexiamond (6 equilateral triangles joined edge-to-edge) and
a ‘rep-tile’, a figure which aggregates into similar shapes. The experimenters
must arrange unit sphinxes in similar outlines of successive orders of size.
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The Soma Cube & &%

The Soma Cube is an example of a 3 x 3 x 3 cube dissected into 7 polycubes:
1 3-cube, 6 4-cubes. The precise significance of the forms is discussed in
Section B.

Map-colouring Solids &

The experimenter must build polyhedra from polygonal tiles in such a way that
no two tiles of the same colour touch edge-to-edge.
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Baravalle Cuts e

Hermann von Baravalle pioneered this technique, which is to section

a translucent solid by means of a plane of light. In the Circus the position and orientatior
of the plane and the position and orientation of the model may all be altered
independently.



7.1.3

Handshakes & &

n people meet and all shake hands. How many handshakes will

there be? Beginning with n = 2, 3, ... the experimenters predict, then model
the people with pegs and the handshakes with rubber bands. Beyond

n =5, these become respectively dots and lines on a whiteboard.
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7.4.3 Path-paving @

7.6.1

7.6.2

The paths are rectangles 2 squares wide; the paving slabs are dominoes.
How many different patterns are possible for paths 1 square long? 2 squares
long? 3 squares long? ... ?

Sliding Sam B &

In a ‘sliding-block’ puzzle one constructs a picture by arranging square tiles in

a frame with one missing tile. An adjacent tile can move into the space, allowing
completion by a succession of such moves. At this station the object is to transfer
one tile (Sam) from top left to bottom right in the fewest moves and in frames of
increasing size.

e

The Ferry Problem

1 man and 2 boys must cross a river. All can row but the boat will
accommodate only 1 man or 2 boys. How can it be done? The experimenters
model the situation. Having achieved success, they extend the investigation to
2 men and 4 boys, 3 men and 6 boys, ...
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7.7

7.8

8.2

Leapfrog & &%

A line of n red frogs must change places with an opposing line of n blue frogs.
There is a single space between them. A frog may jump into a space over one
of the other colour or slide into an adjacent space. The aim is to achieve the
swap in the fewest moves. We modeln=1, 2, 3, ...
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The Hanoi Pagoda z ) 5

A tower of n inverted cups of decreasing size stands on site A. One must move
it to site C, using site B, according to 3 rules: 1) A cup may only be taken from
on top. 2) A larger cup may not be placed on a smaller. 3) The cups must

be moved one at a time. As at other stations, the experimenter is encouraged
to begin with n = 1 and progress upwards.
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The Ladder S

A ladder rests against a wall. The problem has 2 variants: 8.2.1: the ladder falls
backwards, pivoting about its foot; 8.2.2: the foot of the ladder slides outwards
and the head downwards correspondingly. The exercise is to predict the loci of
significant points on the ladder. The apparatus models the situation in cross-
section. Dry-wipe pens are located in holes in the model ladder and trace paths
on a whiteboard.

8.2.1 8.2.2
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10.1.3 The Pie Game &

On the plate are 8 slices of pie: 8 blueberry and 4 cherry. The 2
players take turns removing slices. The player who takes the last
slice wins. A player has 3 options: 1) to take a chosen number of

blueberry slices, 2) to take a chosen number of cherry slices, 3) to
take the same number of each.

10.1.4 Domino Block i

Each player has 4 dominoes.The players take turns placing their
dominoes on a 4 x 4 grid. The last to do so, wins.

10.1.5 3D Os & Xs & ¢

The players take turns placing marbles in their colour on the ‘board’.
The board is a hollow 3-cube with a depression in each of its 27
cells. The first player to make a line of 3 marbles wins.

10.2 Safe Queens @ o

The investigators work on chessboards of increasing size. The aim
is to arrange as many queens as possible in such a way that no

queen threatens another, that is to say, no 2 queens share the same
vertical, horizontal or diagonal line.




10.3.1 Grandpa’s Armchair

A heavy square armchair can only be moved by swinging it through
right-angles about its corners. Can it be moved to a new position
directly alongside the old? :

10.5.3 Graeco-Latin Squares @

The investigator has cups and saucers, n each of n colours - initially 3
but later 4. They must be paired and arranged in an n x n array in such
a way that, 1) all n colours are represented in every row and every
column in both cups and saucers, 2) all n2 pairings are present.
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10.6 A Domino Rectangle &

The investigator is faced with a rectangular grid 8 squares x 7. Each
cell bears a number between 0 and 6. A full set of dominoes is to be
arranged on this grid so that the number of spots on each half of the
domino corresponds to the number written in the corresponding cell.
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11.3 The Magic Cone - i

A perspex cone is graduated linearly in 5 equal steps. Powder reaches
the lowest mark. Which mark will the powder reach when the cone is
inverted?




B. METHODS

Soldiers distinguish ‘strategy’ from ‘tactics’. The first is the general approach adopted;
the second, the particular dispositions and movements of troops needed to implement it.
The solution of a mathematical problem involves the same 2 stages. The study of
problem-solving strategies is called ‘heuristics’; the study of particular tactics,
‘algorithmics’.

In this booklet we concentrate exclusively on the first.

In the Circus itself one section (10) is indeed called ‘Heuristics’. It contains stations
without specified content where the exercise is to find, as it were from first principles, the
mathematics applicable. In this process the investigator must call on many of the
strategies described here. However, this section contributes only 30% of the stations
discussed. From the other 70% take for example the station ‘Leapfrog’ from the section
‘Sequences’. It appears here under 2 headings: Structuring and restructuring the
problem and Seeking a recursive structure. At each appearance we derive the
relation between the number of moves and the number of frogs in a different way and
each sheds light on what's going on. At the station itself the children proceed empirically.
They record the number of moves for 1, 2, 3 and 4 frogs each side, compile a difference
table, use it to predict the number of moves for 5 frogs, then test their prediction. Students
with some algebra can apply the method of finite differences to the table and derive a
general formula. The tasks on both levels are useful and satisfying but shed no light on
the nature of the problem. Our slogan might be, ‘No algorithmics without heuristics’.

Though a difference table itself is not helpful in all cases, the principle of starting with
simple cases invariably is. It enables one to make a conjecture and see if it survives a
change in the parameters - in the case of the frogs, an increase in their number (or
indeed a change in their numbers - see the introduction to Seeking symmetries.)

@  Trying simple cases
@  Seeking patterns
®  Making conjectures

These heuristics are encouraged in the way the Circus is set up and presented. They do
not appear among our headings only because they should precede those more specific
strategies.

We have chosen 12 principles. Every author classifies heuristic methods in a different
way or gives them different emphases so don't take our headings as definitive. For
example, we have two headings: Seeking analogies and Structuring and
restructuring the problem. Restructuring produces an analogy so the two are really
one.

Concerning Seeking symmetries, a teacher who read a previous draft of these notes
commented that the symmetries present in most of the examples | cite are likely to
appear only after the initial problem has been cracked and can therefore hardly be
enlisted as an aid in its solution. In a given case it may be that we only bring one of our
12 techniques into play when we have penetrated a certain depth beneath the first level.



SEEKING ANALOGIES

The Circus is arranged according to the Multiple Embodiment Principle of Z.P.Dienes:
each section takes a particular concept and realises it in physicailly disparate settings.
The mathematics is precisely what the investigator abstracts from each group. In section
1 for example, the peg number and the number of hangers in station 1.4, the allocation
of the chime bar and the number of strikes in 1.5, and the diameter of the wheel and the
number of turns in 1.6 all model the same mathematical situation. The whole Circus
exploits such analogies. Each station is indeed an analogue experiment - an analogue
computer if you like. We pick out two such examples here. We also choose two examples
where the analogy is more elusive and, by way of warning, three examples where the
experimenter may be led to make false comparisons.

1.4 The Seesaw

The mathematics
The existence of a common multiple of 2 numbers means that we can form it as a product
in 2 different ways. For example, 12 is a common multiple of 4 and 6; we can write 12 as
4x3oras6x2

The physi
By representing the multiplicands in units of distance from a pivot, the multipliers in units
of force applied normally at those points, we can model the products as torques. To
equate products we find the point of balance for a centrally-pivoted beam with weights
hung at graduations:
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4.5 Can 14 People Fit in this Lift?

T I .
The problem of packing disks in the plane and spheres on a flat surface is the same: we
need only consider cross-sections, viz. circles.

The physics
Therefore, if we want to pack disks as closely as possible, we can allow spheres to roll
down a slope under gravity until they find a state of minimum potential energy.
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